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S O M E  V A R I A T I O N S  I N  O H M ’ S  L A W .
B y  I , e e  P a u l  S i e g .  
(C la ss  o f  1900.)
The problem of determining the law governing an electric 
current produced by a constant continuous E. M. F. has been 
a comparatively easy task; it was obtained experimentally and 
is known as Ohm’s Law. It is simply: the strength of a cur­
rent I varies directly as the E. M. F. and inversely as the 
resistance, or
When, however, the E. M. F. is not constant and continuous, 
but varies by some imposed law, as in the telegraph, telephone 
or alternate current dynamo, we find that the current does not
E
vary with the quantity ^5-. The law under such conditions isK
vastly more difficult to obtain, as a number of other factors 
besides E. M. F. and R. take part in determining the current. 
For a simple illustration of the influence we can take a 50 volt 
incandescent lamp in series with a length of wire whose resist­
ance is 100 ohms, the impressed E. M. F. being alternating. 
The lamp glows with a certain brightness, but if we coil our 
wire on a spool, we see that the lamp glows a great deal dim­
mer, and if we insert an iron core in the spool, the lamp glows 
still more feebly. So here we have three cases in which E and 
R were the same, but in which I evidently was not.
Ohm’s Law having been obtained experimentally, one nat­
urally looks to the same means of obtaining the law controlling 
these phenomena, and might thus determine the relation 
between the current and the other variables by a series of 
experiments; but for every condition (every coil of wire) we 
should have a new relation, and there would be nothing general 
about the results. The law to be of value must be a relation 
between the current and general properties possessed by all
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circuits, and this may be done by deducing mathematically the 
explanation of these phenomena as special cases of more gen­
eral experimental results.
As far as possible mechanical hypotheses in this theory, as 
in other branches of physics, are chosen in order to render it a 
branch of mechanics, which is said to be the only complete 
physical science. Of the various laws with which we may 
start, the law of the conservation of energy gives most excellent 
results, its method being very general and applicable to various 
problems involving energy. Avery simple case of the method 
would be the deduction of Ohm’s Law in its simpler form. 
Experimentally W =  E I, or energy in watts equals the pro­
duct of E. M. F. by current. Also experimentally W =  R I2
or energy in watts equals the product of resistance by the
2 £
square of the current. Therefore E I =  R I or I = K.
We may assume that for a very short time the E. M. F. is 
constant; that is,
the last two terms coming in when we consider more than 
simple resistance. But as i varies we know there is a change 
in the magnetic field around the conductor, and Faraday has 
shown that any such change gives to the circuit an E. M. F. 
which is proportional to the rate of change; that is,
or the impressed E. M. h. is proportional to the rate of change 
of the number N of lines of force. It has also been shown 
that the strength of the magnetic field bears a constant ratio 
to the current
Substituting in Faraday’s equation we have
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Therefore the change in energy possessed by a magnetic 
field in the time dt is,
and as this is additional energy it must be added to R i2 dt 
in equation (i).
A conductor has the property of holding a quantity of elec­
tricity, so to speak, which may be drawn from it again, and so 
this is still another way in which the energy of a current may be 
expended. The capacity for holding the electricity is depend­
ent upon the size and shape of the conductor and its distance 
from the earth. In all cases it has been found by experiment 
that the E. M. F. of a charge is directly proportional to the 
quantity and inversely as the capacity, or
and from the definition of a current
therefore
and this term must be added to equation ( i ) ,  and we have our 
most general relation which answers to all cases but a few 
extreme ones. We see that we are concerned not only with 
the values of the quantities themselves, but also with the rate 
at which these values are changing, and the dependence of one 
quantity upon the rate of change of another. Of course this 
equation cannot be integrated, for that would show that in all 
cases the current would follow the same law, which is absurd; 
but we may, however, apply this law to any special case, for 
example our dynamo and incandescent lamp. We know that 
in the dynamo
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where iv equals \n  times the frequency of alternation. We 
may substitute this in our general equation; and as our wire is 
continuous the capacity is infinite, and the last term of (i) 
vanishes. The remainder can be integrated and gives the law
After a very short time the exponential term in this equa­
tion, containing the constant of integration, becomes inap­
preciably small, and may be neglected. Therefore the maxi­
mum value of I  is when the sine of is unity,
and
Now we see why our lamp glowed dimmer, as the resistance 
was increased by a quantity which depended upon the induc-
N
tion L of the circuit. Since L =  —r-, we see why L was stilli
more increased, and I correspondingly diminished by the intro­
duction of the iron core, for in thus introducing this core, we 
greatly increased the number of lines N threading the circuit. 
We see by equation (2) that the current lags behind the E. M.
CVF. by an angle whose tangent is —
The effect of giving capacity to a circuit is in many respects 
equivalent to the effect caused by self-induction, but there are 
a few important differences which we shall note. Let us con­
sider a harmonic impressed E. M. F. applied to a circuit having 
capacity and resistance,but no self-induction; then (1) becomes
which when integrated becomes
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Our arbitrary constant again vanishes in a short time. It 
may be seen here also that the current is a harmonic function 
of the time; but instead of lagging behind the impressed E. M. 
F., as it did in the case where there was self-induction in the 
circuit, it is now in advance of the E. M. F. by an angle whose
tangent is q ^  w • When the capacity is infinite (that is when
there is no condenser in circuit at all) the quantities tan 1
---- and pm----- - reduce to zero, and we have Ohm’s Law.L R w L2 w 2
The fact in connection with this equation, that tan ----C R w
is positive, is of importance, which may be seen by considering 
a circuit containing resistance, self-induction and capacity. 
Let there be an harmonic E. M. F. equal to E sin w t as before, 
and we have following the most complete form, of which the 
integration gives
Disregarding the constants we see that in this case the angle 
of phase difference between current and E. M. F. depends upon
the difference between —  and , and the angle of phase C R iv R
difference is one of advance or lag owing to whether ^  ^
L  i vis larger or smaller than — . If they should be equal, i. e.K
which is identical with Ohm’s Law without considering either 
self-induction or capacity.
Let us now consider the variations of Ohm’s Law when the
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current is produced by a constant E. M. F., but is interrupted 
by having the E. M. F. suddenly made or removed. Suppose 
a source of constant of E. M. F. be suddenly introduced into a 
series circuit having resistance and self-induction. Then e 
becomes a constant E and this reduces the differential equa­
tion to
whose primitive is
This equation shows that self-induction prevents the current 
from reaching its full value immediately after the introduction 
of the E. M. F., and a curve expressing this equation is a com­
mon logarithmic curve.
Figure I  shows the increase of the current in a circuit con­
taining resistance and self-induction, upon impressing a har­
monic E. M. F. Next suppose that a current has been flowing 
in a circuit until it has reached a steady value, and that then 
the source of E. M. F. be suddenly removed, while the resist­
ance and self-induction remain the same. This is the condition 
where e, or E =  O, which reduces our fundamental equation to
whose primitive is
or
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That is, the current at any time is the product of the maxi­
mum current by a logarithmic function, which depends upon* 
the constants of the circuit for its value. A curve showing this 
relation is similar to the preceding curve, only this is a decrease 
instead of an increase in the current.
Figure 2 shows the decrease of the current in a circuit con­
taining resistance and self-induction, upon the removal of the 
E. M. F.
If instead of self-induction we have capacity, the resulting 
action will be similar, and the equations for charge and dis­
charge are
and
It is to be noticed from these equations that under no con­
dition in a circuit containing either self-induction or capacity 
alone, is there an oscillating charging or discharging of a con­
ductor. When a circuit contains all three, resistance, self- 
induction and capacity, results varying from the preceding 
will follow. In our complete differential equation, let the 
source of E. M. F. be removed, that is let e =  o, then the 
equation for current, after determining the constants, becomes
6
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For all values when
this equation is real and may be represented graphically by the 
following curve, which from the equation (3) is seen to be the 
difference of two logarithmic curves.
Figure 3 shows the current during non-oscillatory discharge 
of a condenser with resistance, capacity and self-induction in 
circuit. Curve I corresponds to the first term and curve II to 
the second term in equation (3). Curve II is the more impor­
tant as it has the larger time constant. Curve III  represents 
the equation of the current, and is obtained by subtraction. 
Equation (3) is indeterminate for the case
R2 C2 =  4 L C
However, imposing this relation on the differential equation, 
the result is
and it appears from this equation that the current approaches
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zero more rapidly as time goes on, than in the preceding case. 
This will also be seen to be true for the case which is to follow. 
When
R2 C2 < 4 L C
the equation becomes imaginary, and it is well that mathema­
ticians have considered the properties of — I, for here is a 
practical application. Although the equation is imaginary in 
this form, yet it can be transposed into a real form which gives 
us an oscillatory form of discharge. Our equation reduces to
Here the signs of 4 L C and R~ C ’ have been reversed so that 
when one is imaginary the other is real. The current is a func­
tion consisting of two parts; a sine function, and a logarith­
mic function, and a curve illustrating this equation would there­
fore consist of these two parts.
Figure 4 shows the oscillatory discharge of a condenser 
through a circuit containing resistance, capacity and self-induc­
tion. Curve I is the logarithmic curve, and curve II is obtained 
by multiplying curve I by the simple sine curve (not here rep­
resented). Curve II is the curve representing the oscillating 
current, and curve I is its envelope.
The first of these three equations
R2 C2 > 4 L C
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expresses in general the action during the charging and dis­
charging of the Atlantic cable, for if we had considered the 
capacity as distributed, as it is along the conductor, instead of 
located in a single place, the result would have been but slightly 
changed. Many devices have been invented for reducing the 
conductor to the condition expressed in the second equation
R 2 C2 =  4 L C
in order to have a more rapid charging and discharging, thus 
increasing the efficiency of the cable. Most of these devices 
consist in adding self-induction to the circuit, for if R 2 C2 > 
4 L C, we can evidently make them equal by increasing (L) to 
the correct amount. But if (L) were made too large, by even a 
very little, disastrous results would follow, as our equation 
would then take the oscillatory form, and these oscillations 
would seriously interfere with the signal'ing.
Although for a steady continuous current Ohm’s Law is com­
paratively simple, yet for an unsteady or alternating current 
the relations of the constants become vastly complicated, and 
the number of combinations, of which only a few have been 
noted, is almost unlimited.

